The equations of 10 or 11 dimensional supergravity admit supersymmetric compactifications on 7-manifolds of G 2 holonomy, but these supergravity vacua are deformed away from special holonomy by the higher-order corrections of string or M-theory. We find simple expressions for the first-order corrections to the Einstein and Killing spinor equations in terms of the calibrating 3-form of the leading-order G 2 -holonomy background. We thus obtain, and solve explicitly, systems of first-order equations describing the corrected metrics for most of the known classes of cohomogeneity one 7-metrics with G 2 structures.
compactifications in the face of the α ′ 3 corrections.
The bulk of the work on higher-order corrections has focussed on the case of Calabi-Yau internal backgrounds, either six-dimensional or eight-dimensional. In such backgrounds, it turns out that the modification to the leading-order Ricci-flatness condition for the CalabiYau metric can be written as 2) and c is a constant. Note that the first line in (1.2) is defined only for a six-dimensional transverse space, but after re-expressing the product of epsilon tensors in terms of Kronecker deltas, it gives the expression in the second line, which applies in any dimension. In going to the third line we have suppressed terms involving the Ricci tensor and Ricci scalar, since these vanish in the leading-order Ricci-flat Kähler background.
The modified supersymmetry condition discussed in [5] translates into the requirement that instead of being covariantly constant, the spinor on the deformed Calabi-Yau space should satisfy
As written, both (1.1) and (1.3) are expressed in terms of the special structures present only in Kähler backgrounds, namely the Kähler form J ij . However, it is clear that these expressions must be nothing but specialisations to such Kähler backgrounds of expressions that can be written without the use of any background-specific structures. This is because one could, in principle, have performed entirely covariant string-scattering or sigma-model loop calculations for arbitrary Riemannian background geometries. Indeed, Riemannian generalisations of (1.1) and (1.3) are known. They are much more complicated than the (1.1) and (1.3), and so in practice if one is interested in studying the modifications to Calabi-Yau backgrounds, the specialised equations are usually much more convenient.
Much of the discussion of the deformed Calabi-Yau spaces is necessarily somewhat abstract, since one does not know explicit metrics on compact Calabi-Yau spaces. However, it can also be of interest to study non-compact spaces, for which metrics are known in many examples. Thus one can study explicitly for an initially Ricci-flat non-compact manifold the effect of turning on the deformation induced by the α ′ 3 corrections. This was done for some six-dimensional cohomogeneity one examples in [7] , and more recently for these and further eight-dimensional examples in [8] . The approach taken in [8] was to derive first-order equations for the deformed Calabi-Yau solutions, by imposing the requirement (1.3) of supersymmetry using the modified supersymmetry transformation rules that were introduced in [5] .
In this paper, we shall address similar questions for the case of internal 7-dimensional spaces Y 7 which, at leading order, have G 2 holonomy. First, we shall derive the analogue of (1.1), namely a specialisation of the rather complicated general Riemannian modified equations of motion, in which structures particular to 7-manifolds of G 2 holonomy are used. 1 As we shall see, this leads to a rather elegant formula, whose expression requires the use of the calibrating 3-form Φ (3) of the G 2 background, which generalises (1.1).
Next, we look for a generalisation of (1.3) that describes the α ′ 3 corrections to the supersymmetry conditions in a G 2 background. Again, we find an elegant generalisation, which is written using the calibrating 3-form.
Using these results, we are able to study explicitly the deformations of explicitly-known cohomogeneity one examples of metrics with G 2 holonomy, in the face of the α ′ 3 corrections to the Ricci-flatness condition. We do this by using the G 2 analogue of (1.3) to obtain first-order equations for the metric coefficients in the cohomogeneity one metrics.
These deformed 7-metrics will yield supersymmetric vacua, and so we can obtain fourdimensional N = 1 theories as reductions from M-theory. By studying four-graviton string scattering amplitudes in the light-cone gauge, one finds that these corrections can be expressed as
The effect of the α ′3 corrections is to deform the original G2 manifold into one that no longer has G2 holonomy (as must be the case, since the deformation spoils the leading-order Ricci-flatness). However, when working to order α ′3 it is permissible to impose the leading-order G2 conditions on the curvature tensors that appear in the corresponding right-hand side of the analogue of equation (1.1) . This is because there is already an explicit α ′3 factor multiplying the correction term, and so one is allowed to substitute the leading-order background conditions in this right-hand side.
where Γ i denotes the Dirac matrices in the eight-dimensional transverse space, and ψ and χ denote chiral spinors in the transverse space. In the type IIB theory these spinors have the same chirality, whilst in the type IIA theory their chiralities are opposite. Performing the Berezin integrations in (2.1), one obtains
where α and β are 8-component chiral spinor indices of SO(8).
When we calculate the corrections to the Einstein equations at order α ′ 3 , it is clear that we can make use of the zeroth-order conditions implied by the special holonomy of the unperturbed background when we evaluate the contributions following from Y . (We must, of course, impose such conditions only after having varied the quantity Y under an arbitrary variation of the metric.) Thus in the calculations that follow, it will be understood that the three unvaried Riemann tensors appearing in the variation of Y can be taken to be those of the unperturbed background. By contrast, the Ricci tensor that will appear linearly on the left-hand side of the modified Einstein equation will be that of the perturbed background.
If the 8-dimensional transverse space has special holonomy, implying the existence of one or more covariantly-constant spinors, it is evident from the expression (2.1) that Y itself will vanish (at least if the special-holonomy space is oriented appropriately). This is because the integrability condition for the existence of the covariantly-constant spinor,
implies that R ijkℓ Γ kℓ will have a zero eigenvalue.
The correction to the Einstein equation is given by α ′ 3 δY /δg ij , and for this we calculate
where δR i 7 i 8 j 7 j 8 denotes the variation of the Riemann tensor with respect to the metric. 
Specialisation to G 2 holonomy backgrounds
In this case we may think of the eight-dimensional transverse space as the product R × M 7
or S 1 × M 7 , where M 7 is a seven-manifold of G 2 holonomy. On M 7 the decomposition G 2 ⊂SO (7) implies that the 8-dimensional spinor representation decomposes as
The singlet corresponds to the covariantly constant Majorana spinor η. It is convenient to normalise this (commuting) spinor such thatη η = 1. (Note thatη is just η † here, since the metric signature is Euclidean. Since η is Majorana, in suitable basis one can haveη = η t .)
A useful Fierz identity is
An arbitrary Majorana spinor on M 7 decomposes according to (2.5), and from (2.6) we see that Γ i η provides a mapping between the reduced 7-component index of a spinor that is orthogonal to η , and the 7-component vector index.
In eight dimensions, there will be one covariantly-constant spinor of positive chirality, and one of negative chirality.
It is useful to define the non-vanishing covariantly-constant tensors (6) ) are antisymmetric and thus give zero when sandwiched betweenη and η, whilst (Γ (0) , Γ (3) , Γ (4) , Γ (7) ) are symmetric.) From (2.7) and (2.6), one can see that
(2.8)
Note that we adopt conventions where
In order to evaluate the variation δY in the G 2 background, we can choose a spinor which holds in the G 2 background, we see that δY can be written as 11) and hence this implies a correction 12) in the Einstein equation, where
Note that Z ij = Z ji , and that the Bianchi identity for R ijkℓ implies that
The precise form of the corrected Einstein equation can be derived as follows. In the string frame, the relevant terms in the low-energy tree-level effective Lagrangian in lightcone gauge are
implying the Einstein and dilaton equations of motion noting from (2.12) that g ij X ij = ∇ 2 Z, where Z ≡ Z ij g ij , one finds, upon neglecting the term quadratic in ∂φ, which is justified since this would be a quantity of order α ′ 6 , that
From this, we deduce that the corrected expression for the dilaton (which was constant in the leading-order G 2 vacuum), is φ = − 1 2 c α ′ 3 Z, and hence we find that the corrected Einstein equation is
It is easily seen that (2.16) reduces to the usual Kähler result (1.1) if one specialises the G 2 manifold in the transverse space to the direct product K 6 × S 1 of a six-dimensional Calabi-Yau space and a circle. It is evident from (2.13) that since the curvature then resides only in the 1 ≤ i ≤ 6 directions, the only non-vanishing component of Z mn will be Z 77 , and that this will be given by Z 77 = S, where S is given by (1.2). Furthermore, for the special case of a G 2 manifold K 6 × S 1 , the components c ij7 of the calibrating 3-form are given by c ij7 = J ij , where J ij is the Kähler form on K 6 . It then follows that (2.16) reduces to (1.1).
The graviton-scattering calculations in the light-cone gauge that lead to the expression Y given in (2.1) for the correction to the effective action are not in themselves sufficient to allow one to deduce a fully ten-dimensional covariant expression. This problem has been much studied over the years, beginning with [6, 2] . It was recently re-addressed, in the context of explicitly studying α ′ 3 corrections to non-compact Calabi-Yau metrics [8] . The conclusion in [8] was that the following ten-dimensionally covariant effective Lagrangian
produces equations of motion that reduce to those given in (1.1) for any supersymmetric
Kähler background, where
) .
In the work described in this paper, we have explicitly verified that the covariant Lagrangian given by (2.17) and (2.18) also correctly reproduces the light-cone Einstein equation (2.16) when the covariant equations are specialised to the G 2 background.
A further observation made in [8] was that there exists a closely-related covariant Lagrangian, namely
whose equations of motion again produce (1.1). This is an effective Lagrangian for the beta function of N = 1 supersymmetric sigma models (where there is no dilaton). Again, we have verified by explicit computation that this Lagrangian also yields the correct G 2 equations of motion (2.16), when its field equations are specialised to the G 2 background.
The discussion above has focussed on the α ′ 3 corrections in string theory. However, analogous corrections of quartic order in the Riemann tensor are known to arise also in Mtheory. In fact, at the level of eleven-dimensional supergravity, the dimensional reduction of the quartic-curvature terms with the same structure as those described above yields corrections in type IIA string theory associated with 1-loop string effects. These are of the same form as the tree-level string corrections we have been discussing above, with the appropriate modification of a scaling by e 2φ in the effective Lagrangian. Although there is also a correction term of the form A (3) ∧ X (8) in M-theory, where X (8) is quartic in curvature tensors, this will not upset the vacua that we are considering here, since with curvature residing in only 7 dimensions X (8) will be zero, and so F (4) can remain zero. (See, for example, [9] .) Thus for the purposes of determining the leading-order α ′ 3 corrections to the G 2 holonomy backgrounds, the results obtained in this paper apply equally well in M-theory as in the type II string theory.
The Corrected Killing Spinor Equation
We shall seek a correction to the usual covariant derivative such that it gives rise to a Killing spinor in the deformed G 2 background. We consider a modification of the form
where Q i is of order α ′ 3 , and acts by (matrix) multiplication on the putative Killing spinor
Multiplying by (2.6), we see that this is equivalent to
Multiplying (3.2) by Γ i and using (3.3), we can also deduce that
Our criterion for determining Q i will therefore be that it should satisfyη Q ij η = 0 and that when substituted into (3.4), it should yield the corrected field equation (2.16).
We find that the following Q i fulfils these criteria:
The verification ofη Q ij η = 0 is immediate. From (3.4) we find the corrected derivative at order α ′ 3 is given by
It is again easily verified that (3.7) reduces to the Kähler result (1.3) if one specialises the G 2 internal manifold to K 6 × S 1 .
The form of the modified Killing spinor derivative (3.7) involves the explicit appearance of the associative 3-form c ijk of the unperturbed G 2 manifold. We can expect, however, that there should exist a universal form for the modified Killing spinor equation (or gravitino transformation rule) in string theory, which is expressible in purely Riemannian terms with no reference to any special tensors present only in manifolds of special holonomy. We find that indeed our proposal for Q i can be recast in purely Riemannian terms. To do this, we first note from (2.13) and (2.9) that we can rewrite (3.5) as
Next, we note that
From the property (2.10) we then find that (3.8) reduces to
which is indeed written in purely Riemannian terms.
After further manipulations, which involve distributing the derivative in (3.10) and using the Bianchi identity, we can show that Q i can also be expressed as
In this form, Q i can be recognised as precisely the same modification to the Killing spinor condition that was proposed in [5] . In that case, the proposal was based on the consideration of deformations from SU 3) holonomy for six-dimensional Calabi-Yau backgrounds. It is intriguing, therefore, that the more stringent conditions that arise here for deformations of G 2 backgrounds lead us to exactly the same modification to the Killing spinor condition.
Of course since a six-dimensional space of SU (3) holonomy (times a line or circle) is just a special case of a G 2 manifold, it follows that our derivation here encompasses the previous SU (3) result in [5] .
Explicit Examples
In this section, we shall consider some examples of 7-dimensional metrics of cohomogeneity one, and, by making use of the modified Killing spinor equation D i η = 0 given by (3.7), derive first-order equations for the metric coefficients such that the metrics will give supersymmetric solutions of the modified Einstein equations (2.16).
S 3 × S 3 principal orbits with SU(2) 3 symmetry
For our first example, we take the case of cohomogeneity one metrics with S 3 × S 3 principal orbits and SU (2) 3 isometry. This class of metrics was considered in [10, 11] , where it was
shown that there exists a complete, non-singular Ricci-flat solution with G 2 holonomy. Here, we shall seek the deformed solution satisfying (2.16) up to α ′ 3 order, admitting a Killing spinor satisfying the correspondingly modified condition D i η = 0 given by (3.7).
The metric ansatz can be written as
where σ + i and Σ i are two independent sets of left-invariant 1-forms for the group SU (2), and a and b are functions of t. Since the undeformed G 2 metric, and hence also the deformed one, admits a single Killing spinor η, it follows that in the natural basis for the vielbein and the spin frame, this spinor must be independent of the coordinates on the S 3 × S 3 orbits.
We shall take
and hence we find
In fact one easily sees, after calculating D i in this frame, that η will be constant (i.e. independent also of ρ).
It now becomes a straightforward matter to read off the equations that follow from requiring that such a constant η satisfy the Killing spinor equation D i η = 0. As usual, we may substitute the leading-order first-order equations for G 2 holonomy when evaluating the correction term Q i in (3.1), given in (3.5), since we are working only to order α ′ 3 , and there is already an explicit factor of α ′ 3 associated with this term. Thus the term Q i can be expressed in purely algebraic terms. We find the following first-order conditions:
where the higher-order sources in the Ricci-flat background are given by
In the absence of the source terms involving K 1 and K 2 , equations (4.4) reduce precisely to the standard first-order conditions for G 2 holonomy, yield the non-singular solution obtained in [10, 11] ).
In fact, for the Ricci-flat G 2 background we find that the sources are total derivatives, which can be expressed as K i =Ṡ i where the S i are given by
With this observation, it is possible to obtain fairly simply expressions for the solutions to 
where
After some simple manipulations we therefore arrive at the solution
Regular solutions arise if we take ρ 0 > ρ 1 , so that as ρ runs from the asymptotic region ρ = ∞ downwards, the metric function b vanishes while a is still non-zero. Provided that ρ 1 < ρ 0 , the precise choice of value for ρ 1 is arbitrary, since the system of equations has a shift symmetry ρ −→ ρ+ constant. A convenient choice is to take ρ 1 to be that constant such that a 2 (ρ) in (4.9) is given by
The solution (4.9) to (4.4) would be exact, if we viewed S 1 and S 2 as arbitrarily-specified external "source functions." In fact, of course, S 1 and S 2 are themselves given by (4.6), and so (4.9) should be viewed as integro-differential equations governing the functions a and b.
The equations (4.9) can easily be solved up to the order α ′ 3 to which we are working, since one can simply substitute the leading-order solutions for the undeformed G 2 holonomy metric into the expressions (4.6) for S 1 and S 2 , since they already carry an explicit factor of α ′ 3 . These leading-order solutions can themselves be read off from (4.9) by setting S 1 and S 2 to zero, yielding
These expressions give the standard complete, non-singular metric of G 2 holonomy found in [10, 11] .
The explicit solution with α ′3 correction can then be obtained straightforwardly using The solution is finite everywhere from ρ = ρ 0 to ρ = ∞.
It should be noted that the solution (4.12) does not have a smooth ρ 0 → 0 limit. In fact, it is of interest to look in closer detail at what happens if the parameter ρ 0 in the original G 2 holonomy solution (4.11) is taken to be zero, implying b 2 = 1 3 a 2 . This corresponds to the situation where the cohomogeneity one metric is nothing but the cone over S 3 × S 3 , since the G 2 metric is then
The quantity in the large parentheses is the Einstein metric of weak SU (3) holonomy on
The metric (4.13) is, of course, singular at t = 0, the apex of the cone. If we now take this leading-order solution, and follow the same procedure of studying the higher-order corrections up to order α ′ 3 , the calculations become very simple. In fact with b 2 = 1 3 a 2 , the first-order equations (4.4) reduce, after substituting the leading-order solution into the expressions for S 1 and S 2 , toȧ
This can be solved by defining a new radial variable r such that dr = 1 6 (20α ′ 3 a −6 − 1) dt, whereupon the metric becomes 2 simply approaches the cone metric (4.13), as it should, since the curvature becomes small there. At short distance, however, the metric (4.15) deviates more and more from the cone metric (4.13). In the vicinity of r = m, we can define a new radial coordinate x by (1 − m 6 r −6 ) = exp(−6x/m), in terms of which the metric approaches
Results for the modification of G2 holonomy metrics given in [7] suggested that the singular cone-metric limits of the regular cohomogeneity one G2 metrics would not suffer α ′3 corrections. By contrast, we find non-vanishing modifications in the cone-metric limits for all the known G2 holonomy examples. (Similarly, non-vanishing modifications were found in [8] for the cone-metric limits of all the known 8-dimensional
Kähler examples.) It is not clear whether the apparent discrepancy between our results and those in [7] is due to different choices of scheme, or whether it is indicative of an intrinsic disagreement between our derivation of the order α ′3 corrections and the argument used in [7] .
Since r = m corresponds to x = ∞, we see that this lies at infinite proper distance. In other words, (4.15) is actually non-singular everywhere, running from an asymptotically conically infinity at r = ∞ to a region where r approaches m in which the metric becomes a cylinder R × S 3 × S 3 . The singular apex of the cone has thus been infinitely stretched out to form a "pipe" of radius ∼ √ α ′ , so that the configuration takes on an appearance rather like a long hunting horn. Unfortunately, as we have indicated, a proper analysis of the deformation of the cone metric at short distance would have to take into account that S 1 and S 2 cannot simply be evaluated modulo the use of the leading-order equations determining the cone metric, and so (4.15) breaks down precisely in the region where the interesting "resolution" of the apex of the cone appears to be taking place..
S
3 × S 3 principal orbits with SU(2) 2 × U(1) symmetry
where the σ i and Σ i are again the left-invariant 1-forms of SU (2) × SU (2), and we split the triplet index as i = (1, α). The first-order equations can be expressed as the following
together with the cyclic permutations of indices 1, 2 and 3. The equations for the leadingorder Ricci-flat metric were obtained in [12] . We have worked out explicitly the result for the α ′3 contributions K i and K i ; however, they are too complicated to present here since they involve thousands of terms. In [13] , an analytic solution for a special case a 3 = a 2 and b 3 = b 2 were obtained; it is given by
For this Ricci-flat G 2 background, we have
CP 3 principal orbits
The simplest description of these metrics is the one given in [12] , in which the left-invariant
Here the index 0 ≤ A ≤ 4 is split as A = (a, 4) = (0, i, 4), and so the L i and R i are left-invariant 1-forms of the SO(4) ∼ SU (2) L × SU (2) R subalgebra, and P a are in the coset
. Thus the 1-forms (R i , P a ) span S 7 described as an SU (2) bundle over S 4 , and so (R 1 , R 2 , P a ) span CP 3 = S 7 /U (1), viewed as an S 2 bundle over S 4 . The ansatz for cohomogeneity one metrics with CP 3 principal orbits is then
where a and b are functions of t.
Following the same procedure as in section 4.1, we calculate Q i given in (3.5) for these metrics, and then derive the first-order equations for a and b that result from requiring the existence of a (singlet) Killing spinor η, satisfying
we can substitute the leading-order first-order equations following from ∇ i η = 0 into the expression for Q i , since it is accompanied by an explicit factor of α ′ 3 . We find that the first-order equations can then be expressed aṡ
where S 1 and S 2 are given by
The first-order equations (4.23) can be solved by introducing a new radial variable ρ, defined by dt = −b −1 dρ. After analogous manipulations to those described in section 4.1, we find that a and b are given by
As before, in section 4.1, we should take ρ 1 < ρ 0 , with the simplest choice being such that the expression for a 2 in (4.25) is given by (4.10). Again, these exact integro-differential equations can be solved easily, at order α ′ 3 , since one can substitute the leading-order solutions a 2 = ρ, b 2 = 2ρ(1 − ρ 2 0 /ρ 2 ) of the G 2 -holonomy metric (as found in [10, 11] ) into the expressions (4.24) for S 1 and S 2 . We find that 
SU(3)/U(1) 2 flag-manifold principal orbits
In this example, it is convenient, as in [12] to introduce the (complex) left-invariant 1-forms
where A = 1, 2, 3. The six real 1-forms defined by
span the coset SU (3)/(U (1) × U (1)) of the flag manifold.
Biaxial ansatz
First, we consider a biaxial ansatz for the metric, with
Following the same procedures as in the previous examples, we find that the first-order equations for the existence of a singlet Killing spinor are given bẏ
Following analogous procedures to those applied above, we define a new radial coordinate here by dt = b −1 dρ, leading to the solution
As in the previous examples, we can choose ρ 1 so that we have
here.
The leading-order solution, which can be substituted into the expressions for S 1 and S 2 when solving up to order α ′ 3 , are given in this case by a 2 = 2ρ, b 2 = 2ρ (1 − ρ 2 0 /ρ 2 ). The solution with α ′3 correction is given by 
Triaxial ansatz
The biaxial Flag metric ansatz (4.28) can be generalised to a triaxial ansatz, with and cyclic permutations.
Conclusions
In this paper, we have studied the string corrections, at α ′ 3 order, to the equations of motion describing vacua with internal spaces of G 2 holonomy. Analogous results for the modifications to the equations of motion in Ricci-flat Kähler backgrounds have been known for a long time. One of our main results, the modification to the Einstein equation in a background that has G 2 holonomy at leading order, is given in (2.16).
A related question concerns the associated modification to the Killing spinor equation that arises from the requirement of supersymmetry of the background. At leading order this is just the requirement of covariant constancy, but this receives modifications at order α ′ 3 . Again, the order α ′ 3 correction for an initially Ricci-flat Kähler background has been known for a long time [5] . Another of our main results, the analogue of this correction for an initially G 2 background, is given in equation (3.7). We have shown also that these α ′ 3 corrections to the Einstein equation and Killing spinor equation, whose expressions are very simple because they are written using structures specific to G 2 backgrounds, are indeed specialisations of the considerably more complicated general Riemannian expressions.
Using the modified Killing spinor equation, we then obtained systems of first-order equations for α ′ 3 -corrected supersymmetric string vacua or M-theory vacua involving 7-dimensional metrics of cohomogeneity one with G 2 structures. These will give N = 1, D = 4 supersymmetric theories from M-theory. In some cases we solved for the metrics explicitly, allowing one to see how the original G 2 holonomy metrics are deformed by the effect of the α ′ 3 corrections.
